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Semi-simple groups of
compact 16-dimensional planes
by Helmut R. Salzmann
Abstract
The automorphism group Σ of a compact topological projective plane with a
16-dimensional point space is a locally compact group. If the dimension of Σ is
at least 29 , then Σ is known to be a Lie group. For the connected component ∆
of Σ the condition dim∆≥ 27 suffices. Depending on the structure of ∆ and the
configuration of the fixed elements of ∆ sharper bounds are obtained here. Example:
If ∆ is semi-simple and fixes exactly one line and possibly several points on this line,
then ∆ is a Lie group if dim∆≥ 11 . Any semi-simple group ∆ which satisfies
dim∆≥ 25 is a Lie group.
1. Introduction
A compact connected topological projective plane has a point space P of (covering) di-
mension dimP = d | 16 , provided d<∞ . For properties and resuВӘts concerning 16-
dimensional planes see the treatise [19] and a more recent update [17]. With the compact-
open topology (the topology of uniform convergence), the automorphism group Σ= AutP
of a compact 16-dimensional plane P =(P,L) is a locally compact transformation group
of P as well as of the line space L, see [19] 44.3. In the case of the classical plane O
over the octonion algebra O the group Σ is a simple Lie group of dimension 78 ([19]
18.19). If P is not classical, then dimAutP ≤ 40 ([19] 87.7). All planes with dimΣ≥ 35
are known explicitly, provided Σ does not fix exactly one incident point-line pair ([17]). If
dimΣ≥ 27, then the connected component ∆ of Σ is a Lie group ([10]). More detailed
results can be found in [17]. For semi-simple groups sharper bounds will be obtained here.
2. Preliminaries
In the following, P =(P,L) will always mean a compact 16-dimensionl projective plane if
not stated otherwise; ∆ denotes a connected closed subgroup of AutP .
Notation is more or less standard and agrees with that in the book [19]. A flag is an
incident point-line pair, a double flag consists of two points, say u, v , their join uv , and a
second line in the pencil Lv . A 2-dimensional plane will also be called flat . Homeomor-
phism is indicated by ≈. The topological dimension dim of a set M⊆P or a group, the
covering dimension, coincides with the inductive dimension, see [19] §92, 93.5. As custom-
ary, Cs∆Γ or just Cs Γ is the centralizer of Γ in ∆. Distinguish between the commutator
subgroup Γ′ and the connected component Γ1 of the topological group Γ. Local isomor-
phy of groups is symbolized by ⊜. The coset space ∆/Γ= {Γδ | δ ∈∆} has the dimension
∆:Γ= dim∆− dim Γ. If Γ is any subset of ∆, then FΓ denotes the configuration of all
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fixed elements (points and lines) of ∆. The group ∆[c,A] consists of the axial collineations
in ∆ with axis A and center c. A collineation group Γ is said to be straight if each orbit
xΓ is contained in some line. In this case a theorem of Baer [1] asserts that either Γ= Γ[c,A]
is a group of axial collineations or FΓ is a Baer subplane (cf. 2.2 below).
2.1 Topology. Each line L of P is homotopy equivalent (≃) to an 8-sphere S8 , see
[19] 54.11. So far, no example with L 6≈ S8 has been found. The Lefschetz fixed point
theorem implies that each homeomorphism ϕ :P →P has a fixed point. By duality, each
automorphism of P fixes a point and a line, see [19] 55. 19, 45.
2.2 Baer subplanes. Each 8-dimensional closed subplane B of P is a Baer subplane,
i.e., each point of P is incident with a line of B (and dually, each line of P contains a
point of B), see [14] §3 or [19] 55.5 for details. By a theorem of Lo¨wen [8] Th.B, any two
Baer subplanes of a compact connected projective plane of finite dimension have a point
and a line in common. 〈M〉 will denote the smallest closed subplane of P containing the
set M of points and lines. We write B<•P if B is a Baer subplane and B≤•P if 8| dimB .
2.3 Groups. Any connected subgroup ∆ of Σ= AutP with dim∆≥ 27 is a Lie group,
see [10]. For dim∆≥ 35 , the result has been proved in [19] 87.1. In particular, ∆ is
then either semi-simple, or ∆ has a central torus subgroup or a minimal normal vector
subgroup Ξ∼=Rk , see [19] 94.26.
2.4 Involutions. Each involution ι is either a reflection or it is planar (Fι<•P ), see
[19] 55.29. Commuting involutions with the same fixed point set are identical ([19] 55.32).
Let Z r2
∼=Φ≤AutP and dimP =2m . Then r≤m+1 ; if Φ is generated by reflections,
then r≤ 2 , see [19] 55.34(c,b). If r≥m (> 2) , then Φ contains a reflection (a planar
involution), cf. [19] 55.34(d,b). Any torus group in AutP has dimension at most m, see
[19] 55.37, for m=4 in particular, rk∆≤ 4 , see also [4]. The orthogonal group SO5R
cannot act non-trivially on P ([19] 55.40).
2.5 Stiffness refers to the fact that the dimension of the stabilizer Λ of a (non-degenerate)
quadrangle e cannot be very large. If P is the classical plane, then Λ is the 14-dimensional
exceptional compact simple Lie group G2∼= AutO for each choice of e, cf. [19] 11. 30–35.
In the general case, let Λ denote the connected component of ∆e . Then the following
holds:
(a) Λ∼=G2 and FΛ is flat, or dimΛ< 14 ([19] 83. 23, 24),
(aˆ) Λ∼=G2 or dimΛ≤ 11 ([2] 4.1),
(b) if FΛ is a Baer subplane, then ∆e is compact and dimΛ≤ 7 ([19] 83.6),
(bˆ) if FΛ<•P and Λ is a Lie group, then Λ∼=Spin3R or dimΛ≤ 1 ([19] 83.22),
(c) if there exists a subplane B such that FΛ<•B<•P , then Λ is compact
([12] 2.2, [19] 83.9),
(cˆ) if Λ contains a pair of commuting invo lutions, then ∆e is compact ([19] 83.10),
(d) if Λ is compact or semi-simple or if FΛ is connected, then Λ∼=G2 or dimΛ≤ 10
([5] XI.9.8, [12] 4.1, [2] 3.5),
(e) if Λ is compact, or if dimFΛ=4, or if Λ is a Lie group and FΛ is connected, then
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Λ∼=G2 or Λ∼=SU3C or dimΛ< 8 ([12] 2.1; [13], [2] 3.5; [3]),
(eˆ) if Λ is a compact Lie group, then Λ∼=G2 , SU3C, SO4R, or dimΛ≤ 4 ([12] 2.1).
2.6 Groups with open orbits. Let X denote the point space P of P or a line L of
P . If U ⊆X is a ∆-orbit which is open in X or, equivalently, satisfies dimU = dimX ,
then X is a manifold and ∆ induces a Lie group on U . If X =L, then it follows that all
lines are manifolds homeomorphic to S8 . If X =P , then Σ is a Lie group. ([19] 53.2).
Remark. The result [19] 53.2 depends on a theorem of Szenthe for which a correct proof
has been given in the meantime by Hofmann and Kramer [6] 5.5 Corollary.
2.7 Lemma. If F∆= ∅, then ∆ is semi-simple with trivial center, or ∆ induces a cen-
terfree semi-simple group on some connected proper closed subplane. In particular, F∆ 6= ∅
whenever ∆ is commutative.
Proof. As a flat plane does not have a proper closed subplane, the Lemma is true for
flat planes by [19] 33.1, and each commutative connected subgroup fixes a point or a line.
Suppose the Lemma has been shown for all planes of smaller dimension thane the plane
on which ∆ acts. If ∆ contains a central element ζ 6=1l or if ∆ is not semi-simple and
hence has a commutative normal subgroup Ξ, then there is a point p such that pζ = p or
pΞ= p (up to duality). By assuption, p∆ 6= p and p∆ is not contained in a line. Obviously
ζ |p∆ =1l, and normality of Ξ implies Ξ|p∆ =1l. Therefore E = 〈p
∆〉 is a proper connected
subplane and ∆=∆|E satisfies F∆= ∅ . Now the Lemma can be applied to ∆. 
Note that the Lemma holds for all compact connected planes of finite dimension.
2.8 Addendum. If F∆= ∅ and if there is no ∆-invariant proper subplane, then each
involution in a proper simple factor of ∆ is planar. This is true for each compact plane
of dimension d | 16 .
Proof. By 2.7 the group ∆ is semi-simple with trivial center. Suppose that ∆= Γ×Ψ is
a product of two proper factors. If Γ contains a reflection γ ∈ Γ[c,A] , then c
Ψ= c 6= cΓ and
Ψ|cΓ =1l. A line L containing c
Γ would be fixed by ΓΨ=∆. Therefore 〈cΓ〉=E ≤FΨ ,
and EΓ= cΨ = c∆ contrary to the assumtion. Hence each involution in a proper factor is
planar.
Remark. The statement is not true if there is an invariant subplane: in the classical quater-
nion plane H , the group ∆ consisting of all collineations which map the real subplane onto
itself is the direct product of the automorphism group Γ∼=SO3R of the quaternions and
the group P∼=SL3R of real collineations. The involutions in P are reflections of H .
2.9 Fact. If E∆= E <P , if ∆|E =∆/K is a semi-simple Lie group, and if Λ=K
1 , then
∆ contains a covering group Γ of ∆/K such that Γ|E ∼=∆/K and ∆= ΓΛ. In particular,
∆ is a Lie group whenever Λ is .
Proof. The first claim is a special case of [19] 94.27; the second follows from dim Γ=∆:K =
dim∆− dimΛ because ∆ is connected. 
3. No fixed elements
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The following slightly improves results in [17]:
3.1. If ∆ is semi-simple, F∆= ∅ and if dim∆≥ 20, then ∆ is a Lie group. For
dim∆≥ 21 the assertion has been proved by different methods in [17] 3.0.
Proof. Suppose that ∆ is not a Lie group.
(a) By the Lemma above, ∆ is a direct product of simple groups with trivial center, or it
induces such a group on some ∆-invariant connected subplane E . Choose E in such a way
that the dimension of E is minimal. In the case E =P the center of ∆ is trivial and ∆ is
a Lie group. If E is flat, then ∆|E =∆/K is strictly simple of dimension 3 or ∆|E ∼=SL3R
(cf. [19] 33.6,7); by Stiffness, Λ=K1∼=G2 is a Lie group and 2.9 applies, or dimK≤ 10
and dim∆≤ 18 .
(b) Next, assume that E<•P . All almost simple groups of dimension at least 10 acting
on E have been determined by Stroppel [20]; for those satisfying F∆= ∅ see also [16] 2.1.
Suppose first that ∆∗=∆|E =∆/K= Γ×Ψ is not simple, and that Γ is a simple factor. By
the addendum above, each involution in Γ is planar. As the center of Γ is trivial, there
are distinct involutions α, β ∈ Γ. Because of Lo¨wen’s theorem (see 2.2 above) there is some
point c∈Fα,β , and the point space Fα,β of Fα,β has dimension at most 2 . If c
Ψ= c, then
〈c∆〉= 〈cΓ〉≤FΨ< E contrary to the assumption. Similarly, if c
Ψ 6= c is contained in a line
L of E , then L=LΨ induces a line of Fα and of Fβ , a contradiction dual to the previous
one. Hence 〈cΨ〉 is a flat subplane, and Ψ is simple of dimension 3 or 8 . Moreover,
Λ=K1 is a compact normal, hence semi-simple subgroup, in fact a Lie group (see [19]
93.11). Stiffness implies dimΛ≤ 6 . Interchanging the roˆles of Γ and Ψ, it follows that
both Γ and Ψ have dimension 8 , in fact, Γ∼=Ψ∼=SL3R, and ∆ is a Lie group by 2.9.
(c) According to [16] 2.1,2, the induced group ∆∗=∆|E is a motion group of the classical
quaternion plane or ∆∗∼=SL3C acts on a Hughes plane and fixes a proper subplane of
E . We will have to deal with this group in the case dim E =4 . If ∆∗∼=PU3(H, r) , then
dim∆∗=21 . Recall that ∆ is semi-simple. The kernel K is compact and Λ=K1 is semi-
simple; ∆/Λ is locally isomorphic to U3(H, r) . By [10] only the cases dim∆< 27 must
be considered. Then dimΛ | 6 and Λ is a compact Lie group. For ∆∗∼=PSU4(C, 1) as a
motion group of the quaternion plane cf. [19] 18.32. A maximal compact subgroup of ∆∗
is isomorphic to U3C and may be the image of a non-Lie group. Again K is compact by
stiffness, it is a finite extension of the semi-simple group Λ=K1 , and Λ is a Lie group, see
[19] 93.11. Thus ∆ is a Lie group.
Note that in steps (a–c) the smaller bound dim∆≥ 19 suffices; the assumption dim∆≥ 20
will only be needed in the next step.
(d) Finally, let dim E =4 . Suppose that dim∆|E > 3 . According to [19] 71.8 the induced
group ∆|E is an almost simple Lie group, and ∆:K≤ 8 or ∆:K=16 . In this step, the first
case will be considered. Then dimK≥ 12 and Λ=K1∼=G2 . Therefore ∆:K≥ 6 , and 2.9
shows that ∆ is a Lie group.
(e) In the second case, ∆|E ∼=PSL3C by [19] 71.8. This includes the possibility that there is
a Hughes plane H∆=H such that E <H<• P . The plane E is the classical complex plane
([19] 72.8), and 4≤dimK≤ 8 . The normal subgroup Λ=K1 is semi-simple and hence
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dimΛ∈{6, 8} . Consequently dim∆≥ 22 . Choose a line L of E , a point z ∈L\E , and two
point a, b of E , a, b /∈L. If 〈E , z〉<P , then Λ would be a compact Lie group by 2.5(c).
Hence ∆z acts effectively on E . The stabilizer Γ=∆z,a,b fixes each point of E on the line
ab, and dim Γ≥ 3 because of 2.6. Let N be a compact central subgroup of Λ, so that
zN⊂F =FΓ . As N is not a Lie group and Nz =1l, it follows from [19] 71.2 that F<•P .
Now Γ is compact by 2.5(b). On the other hand, Γ is a group of axial collineations in ∆z .
These form a group C2×C× and do not contain a compact subgroup of dimension 3 , a
contradiction. 
3.2 Theorem. If F∆= ∅ and dim∆≥ 22, then ∆ is a Lie group.
Proof. (a) Suppose that ∆ is not a Lie group. Then dim∆< 27 by [10], and there
are arbitrarily small compact, 0-dimensional central subgroups N such that ∆/N is a Lie
group, cf. [19] 93.8. Choose a fixed point x of some element ζ ∈N\{1l} . From ζ |x∆ =1l
and F∆= ∅ it follows that D= 〈p
∆〉 is a proper connected subplane. Put ∆|D =∆/K. If
D is flat, then ∆:K=8 and Λ=K1∼=G2 by stiffness, so that ∆|D∼=SL3R and 2.9 applies.
If dimD=4 , then ∆/K is a Lie group by [19] 71.2, and stiffness 2.5(e) shows that
dimK< 8 or Λ=K1∼=SU3C. Hence ∆:K≥ 14 , and then ∆/K∼=PSL3C by [11] 5.6. Now
6≤ dimΛ≤ 8 , and the same arguments as at the end of step (e) of the previous proof show
that this is impossible. Consequently dimD =8 .
(b) Let D<•P and note that ∆ acts on D without fixed elements. By [16] 2.1 the following
holds for ∆|D =∆/K: either D is the classical quaternion plane, ∆/K is a motion group
of D and ∆:K∈{21, 15} , or D is a Hughes plane and ∆′|D∼=SL3C. Moreover ∆/K is
a Lie group and we may assume that N|D=1l. The kernel K is compact of dimension at
most 7 .
(c) In the first case, the motion group ∆/K is covered by a subgroup Υ⊜U3(H, r) of ∆
(see 2.9), and dimK≤ 5 . The representation of Υ on K/N shows that K≤CsΥ . We
may assume that K is connected, since dimK1Υ= dim∆ and ∆ is connected. Moreover,
the center Z of K has positive dimension: because K is not a Lie group, the claim follows
from the structure of compact groups as described in [19] 93.11. The stabilizer Π=∆p of a
non-absolute point p∈D fixes also the polar L of p, and Π/K⊜U2H×U1H. In particular,
Π is compact and dimΠ≥ 14 .
Choose z ∈L\D and note that Πz ∩K=1l because 〈D, z〉=P . Hence Πz =∆z is a Lie
group. From [19] 96.11 it follows that Π :Πz≤ 7 and dim∆z≥ 7 . The group ∆z acts faith-
fully on D , it is isomorphic to a subgroup of U2H×U1H. We apply Richardson’s theorem
[19] 96.34 to the action of ∆z on S :=L ∩D≈ S4 (cf.[19] 96.22). Put Φ=∆z|S =∆z/H
and note that H is isomorphic to a subgroup of U1H, so that dimΦ≥ 4 .
(d) There are the following possibilities:
1) Φ∼=SO3R×SO2R and Φ has a one-dimensional orbit, 2) Φ has two fixed points
u, v∈S ,
3) Φ∼=SO5R is transitive on S and dimΦ≥ 10 . In the first two cases, there are points
u, v, w∈S and q∈ pv such that ∆z,u,v,w,q has dimension > 0 , but this group fixes S
pointwise and is trivial on D . In the third case, ∆z,v fixes a second point u∈S . Let
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p, v 6= q ∈ pv ∩D := J . Then Γ=∆z,q fixes each point of J ≈ S4 , and dim Γ≥ 3 . Hence
FΓ<•P , and J is contained in a line of FΓ . By the open mapping theorem [19] 51.19,20
we conclude that J is in fact a line of FΓ . Therefore M =L ∩FΓ≈ S4 , and Richardson’s
theorem [19] 96.34 shows that ΓK induces a Lie group on M . As Kz =1l, both K and ∆
would be Lie groups.
(e) If ∆/K∼=PSU4(C, 1) is the 15-dimensional motion group of the planar polarity, then
∆ is doubly transitive on the absolute 5-sphere U in D (cf. [19] 18.32), and dimK=7 . In
homogeneous coordinates over the quaternion field H, the planar polarity can be described
by the form xix+yiy+ziz , see [19] 13.18. The line “at infinity" W , given by z=0 , inter-
sects U in the circle consisting of all points (1, h, 0) with h∈H, hh=1, hi= −ih. Denote
the polar lines of two points p, p′ ∈U by L and L′ , and choose points q ∈ pp′ ∩U and
z ∈L\D . As ∆z ∩K=1l, we have ∆z∼=∆/K , and representation of ∆z on the compact
group K shows ∆=∆z×K. The connected component A of the center of K is in the center
of ∆; it is not a Lie group. The stabilizer Γ=∆z,p,p′,q fixes also the point s=L ∩L
′ ∈D ,
and dim Γ=4 . The fact that ∆z is (doubly) transitive on U implies that ∆z has a sub-
group Φ∼=SU3C which is transitive on U , and Γ
′∼=SU2C. Let ι be the involution in
Γ′ , obviously it is planar . It is a consequence of the stiffness result [19] 83.11 that the
involution ι= ι|D is not planar. Hence ι induces a reflection ι on D . Its axis pp
′
∩D≈ S4
is also a line of F =Fι , and all lines of F are homeomorphic to S4 . The central group A
acts effectively on F , and dimA< 4 . By the structure theorem for compact groups ([19]
93.11), the semi-simple factor K′ is locally isomorphic to (SU2C)
2 . Exactly one of the two
factors of K′ acts trivially on FΓ=F , the other factor induces a 3-dimensional Lie group
on L ∩F . By Richardson’s theorem, A would be a Lie group.
(f) Of the possibilities listed in step (b), only the following remains: D is a Hughes plane
(cf. [19] § 86, in particular, 86.33,34) ), dim∆=17 , and there is an invariant subplane C
isomorphic to the classical complex plane. The commutator group Υ=∆′∼=SL3C induces
on C the full automorphism group PSL3C. The center of Υ is generated by an element
ε of order 3 . The kernel K is compact by stiffness, and dimK≥ 5 . Moreover, Υ acts
trivially on K, and K≤CsΥ . Choose a point z which is not incident with any line of C .
As D is a Baer subplane, there is a unique line L of D with z ∈L, and Fε= C implies
Lε 6=L. The stabilizer Υz fixes each point of z
K⊂L and of zεK⊂Lε . Both orbits of z
are homeomorphic to K; their dimension is at least 5 . Hence 〈zK, zεK〉=P and Υz =1l.
It follows that zΥ is open in P , and ∆ would be a Lie group by 2.6. 
4. Exactly one fixed element
Throughout this section, ∆ fixes a line W but no point.
4.0. If F∆= {W} and if dim∆≥ 22, then ∆ is a Lie group.
Proof. Accordimg to [17] the assertion is true for dim∆≥ 23 . Thus we may assume that
dim∆=22 and that ∆ is not a Lie group. Steps (a,b) are the same as in [17].
(a) There exist arbitrarily small compact central subgroups N≤∆ of dimension 0 such
that ∆/N is a Lie group, cf. [19] 93.8. If N acts freely on P \W , then each stabilizer ∆x
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with x /∈W is a Lie group because ∆x ∩N=1l. By [19] 51.6 and 8 and 52.12, the one-point
compactification X of P \W is homeomorphic to the quotient space P/W , and X is a
Peano continuum (i.e., a continuous image of the unit interval); moreover, X is homotopy
equivalent to S16 , and X has Euler characteristic χ(X) = 2 . According to a theorem of
Lo¨wen [7], these properties suffice for ∆ to be a Lie group.
(b) Suppose now that xζ =x for some x /∈W and some ζ ∈N\1l. By assumption, x∆ is
not contained in a line and hence generates a ∆-invariant subplane D= 〈x∆,W 〉≤Fζ <P .
Put ∆∗=∆|D and write ∆|D =∆/K. If D is flat, then dim∆≤ 6+14 by Stiffness; similarly,
dimD=4 implies dim∆≤ 12+8 . Hence D<•P , K is compact, dimK< 8 , dim∆∗≥ 15 ,
∆∗ is a Lie group ([9]), and we may assume that 1l 6=N≤K. If even dim∆∗> 16 , then
[16] 1.10 shows that D is the classical quaternion plane, because ∆∗ does not fix a flag.
(c) If ∆ is not transitive on S=W ∩D , then there are points u, v, w∈S such that
∆:∆u,v,w≤ 9 . Choose a line L of D in the pencil Lv \{W} and a point z ∈L\D , so
that 〈D, z〉=P ,
∆z ∩K=1l, and ∆z acts faithfully on D . In particular, ∆z fixes L and ∆z is a Lie
group. Moreover, dim z∆L < 8 (or else K would be a Lie group by 2.6 above. There-
fore ∆:∆z ≤ 3+4+7=14 and Λ=(∆z,u,w)
1 satisfies dimΛ≥ 2 . The stiffness result 2.5(bˆ)
shows that Λ∼=Spin3R. From [19] 55.32 and the structure of compact groups ([19] 93.11)
it follows that K1 is commutative or an almost direct product of Spin3R with a connected
commutative group. By [19] 93.19 the group Λ acts trivially on the commutative factor A
of K1 . As K/NK1 is finite and K ∩Λ=1l, the group Λ centralizes also a non-commutative
factor of K1 , and hence Λ≤CsK . In the cases dimK≤ 5 , dim∆D≥ 17 , the plane D is
classical and Λ fixes all points of a circle in S containing u, v, w . If, on the other hand,
dimK> 0 , then zK⊆FΛ has positive dimension. In any case, FΛ is connected. Because
N acts freely on L\D and groups of planes of dimension ≤ 4 are Lie groups (cf. [19]
32.21 and 71.2), it follows that FΛ<•P . We have Kz =1l, dim z
K= dimK, zK⊆FΛ , and
therefore dimK≤ 4 , in fact even dimK< 4 because of 2.6. Now dim∆∗≥ 19 , and D is
the classical quaternion plane, see [19] 84.28 or [16] 1.10. In particular, S≈ S4 . Recall
that dim u∆+ dim v∆+ dimw∆u,v ≥ 8 . It follows that ∆ is doubly transitive on the 3-
dimensional orbit V = v∆ . Similarly, ∆z is doubly transitive on V , and dimw
∆u,v ≥ 2 .
The doubly transitive groups have been determined by Tits, see [19] 96.16. The large orbit
of w excludes the possibiliy that V ≈R3 . Hence V is compact and ∆z|V is simple, in fact
one of the groups PU2(H, 1) or PSU3(C, 1) . In the first case, Λ would be 4-dimensional.
In the second case, we obtain dimΛ=2 , contradicting stiffness.
(d) The previous step shows that ∆ is transitive on S =W ∩D . Hence S≈ S4 , and ∆
has a subgroup  ∼=U2H∼=Spin5R, see [19] 53.2, 96.19–22, 55.40, and 94.27. The central
involution σ of  induces on D a reflection with axis S . As its center is not fixed by
∆, it follows from [19] 61.13 that ∆∗ contains a transitive translation group with axis S .
Therefore ∆:K≥ 18 and D is classical (cf. [19] p. 500,Theorem or [16] 1.10). By [19]
55.40 the group SO5R does not act on any compact plane. Hence the involution σ is
even a reflection of P , and σ∆σ=T∼=R8 is normal in ∆. The group ∆|D is contained in
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SL2H·H
×⋉R8 . Either ∆|S is compact, or ∆ has a subgroup Υ∼=SL2H (use [19] 94.34).
In the first case, ∆|S =|S ∼=SO5R. For v, w∈S , the stabilizer ∆v fixes a second point
u∈S , and ∆:∆u,v,w =4+3 . Choose a line L of D in the pencil Lv \{W} , a point z ∈L\D ,
and put Γ=∆L,w . Again we may assume that N≤K. By 2.6 we have dim z
Γ< 8 . The di-
mension formula yields ∆:Γ≤ 11 . Let Λ=(Γz)
1 . Then dimΛ≥ 4 . Again Λ is a Lie group
since N acts freely on L\D . As D is the classical quaternion plane, any collineation which
fixes 3 collinear points of D even fixes all points of a circle. Hence FΛ is connected. By
[19] 32.21 and 71.2, we have zN⊆FΛ<•P . Now Stiffness would imply dimΛ≤ 3 contrary
to what has been stated before.
(e) If ∆ has a subgroup Υ∼=SL2H, then the arguments in step (d) imply ∆:K≥ 15+8 .
A maximal compact subgroup of ∆ is connected and properly contains . Consequently
dim∆≥ 24 , and ∆ is a Lie group by [17] 4.0. 
For 8-dimensional planes the following has been proved in [16] 3.1:
4.1. Suppose that F∆ consists of a unique line in an 8-dimensional plane and that ∆ is
a semi-simple group of dimension > 3. Then ∆ is a Lie group and dim∆≤ 10. In the
case of equality, ∆ is isomorphic to O′5(R, 1) or to some covering group of O
′
5(R, 2) .
4.2. Let F∆= {W}. If ∆ is semi-simple and if dim∆≥ 11, then ∆ is a Lie group.
Proof. As in steps (a,b) of the previous proof we may consider a subplane D= 〈x∆,W 〉 <
P . Both groups ∆∗=∆|D =∆/K and Λ=K
1 are semi-simple. If D is flat and ∆∗ 6=1l, then
∆∗⊜ SL2R and either contains a central reflection or acts as hyperbolic motion group with-
out fixed element. Hence ∆∗=1l and ∆=Λ=G2 or dim∆≤ 10 by stiffness. If dimD=4 ,
then [17] 2.14 shows that dim∆∗≤ 3 and Λ∼=SU3C or dimΛ< 8 by stiffness. Thus ∆ is
a Lie group by 2.9 or dim∆≤ 10 . In the case D<•P the kernel K is compact and then
Λ∼=Spin3R and dim∆
∗≥ 8 . By the result 4.1 the group ∆∗ is a Lie group and dim∆∗≤ 10 .
From 2.9 it follows that ∆ is a Lie group. 
5. Fixed flag
For 8-dimensional planes, the following results have been proved in [15] Theorem 1.3 and
in [18] 5.1:
5.0. If the semi-simple group ∆ of an 8-dimensional plane fixes exactly one line and
possibly some points on this line, and if dim∆> 3, then ∆ is a Lie group.
5.1. Let F∆= {v,W} be a flag in an 8-dimensional plane. If dim∆≥ 10, then ∆ is a
Lie group.
5.2. If ∆ fixes a flag {v,W} and possibly one or two further points on W , but no other
line, if ∆ is semi-simple, and if dim∆≥ 11, then ∆ is a Lie group.
Proof. The first arguments are the same as in steps (a,b) of the proof of 4.0 above. Thus
there is a connected proper subplane D= 〈x∆, v,W 〉 of P . Put ∆∗=∆|D =∆/K, and note
that both ∆∗ and Λ=K1 are semi-simple. If D is flat, then ∆∗ is trivial by [19] 33.8, the
kernel K is isomorphic to the Lie group G2 or dimK≤ 10 by stiffness 2.5(d). If dimD=4 ,
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then dim∆∗≤ 3 (see [17] 2.14 or [19] 71. 8,10 and 72, 1–4), and stiffness 2.5(a,e) shows
that dimΛ< 8 or Λ∼=SU3C and 2.9 applies.
Finally, let D<•P . Then dim∆∗≤ 3 or ∆∗ is a Lie group by 5.0 above. Moreover, Λ is com-
pact and semi-simple, hence a Lie group, and then Λ∼=Spin3R by 2.5(bˆ) and dim∆
∗> 3 .
Therefore ∆ is a Lie group by 2.9. 
6. Two non-incident fixed elements
It has been stated in 2.3 above that ∆ is a Lie group whenever dim∆≥ 27 . In the
case F∆= {a,W}, a /∈W , no improvement of this result has been found in general; for
semi-simple groups it has been proved in [10](a) that dim∆≥ 26 suffices.
Suppose that Z=Cs∆ is not a Lie group. If Z|W 6=1l, then there is a point p such
that Λ=(∆p)
1 fixes a quadrangle, and stiffness implies dimΛ≤ 11 . On the other hand
∆:∆p< 16 by 2.6. Thus dim∆≤ 26 .
Throughout section 6 , assume that ∆ fixes a line W and a point a /∈W .
6.1 Proposition. If ∆ is semi-simple, and if there is some planar element ζ ∈Z (so that
Fζ is a subplane of P ), then dim∆≤ 19 .
Proof. Assume that dim∆> 19 , and let xζ =x∈Fζ . Then x
∆ 6= x by assumption,
x∆⊆Fζ , and Fζ is connected. Note that ∆|Fζ =∆/K and K
1 are semi-simple. If Fζ
is flat or if dimFζ =4 , then stiffness yields dimK≤ 14 , and ∆:K≤ 3 (see [17] 2.14 or
[19] 71.8–72.4). If Fζ <•P , then K
1 is compact and semi-simple, hence a Lie group, and
K1∼=Spin3R by 2.5(bˆ). The classification of all planes such that ∆:K> 16 as summarized in
[16] 1.10 shows that Fζ is the classical quaternion plane, and then ∆/K∼=SL2H·Spin3R. It
follows that a maximal compact subgroup of ∆ is locally isomorphic to Spin5R·(Spin3R)
2 ,
and ∆ would be a Lie group. Thus dim∆≤ 16+3 . 
6.2 Proposition. Suppose that ∆ is semi-simple and that dim∆≥ 25. If the center Z
of ∆ acts non-trivially on W , then ∆ is a Lie group.
Proof. Because of [10](a) we may assume that dim∆=25 . Assume that Z is not a Lie
group. There are several possibilities:
(a) ∆ has an almost simple factor Ψ of dimension 16 . Then Ψ is locally isomorphic to
SL3C and Ψ is a Lie group. Denote the product of the other factors of ∆ by Γ. Let
vZ 6= v ∈W and p∈K:= av \{a, v} . Then Λ=(Ψp)
1 has positive dimension by 2.6, and
D=FΛ is a proper subplane. In particular, dimD∈{0, 2, 4, 8} . Put Ξ=(Γp)
1 and note
that pΓ is contained in D . It follows that dimΞ> 0 . Hence E =FΞ is also a proper sub-
plane. Now EΨ= E and dimΛ≥ 8 . Stiffness implies dimD≤ 4 . If D is connected, then
Z induces a Lie group on D and there is some δ ∈Z such that D≤Fδ =F =F
∆<P .
The factor Ψ acts almost effectively on F . Hence F<•P (use [19] 71.8 and 72.8). Let
∆|F =∆/K. As K
1 is semi-simple, stiffness shows dimK≤ 6 and ∆:K=19 . By the classi-
fication of 8-dimensional planes as summarized in [16] 1.10 (cf. also [19] 84.28), the plane
F is the classical quaternion plane and ∆|F ∼=SL2H·H
× in contradiction to the action of Ψ
on F . Consequently dimD=0 , dimΞ=9 , and dim E ≤ 4 by stiffness, but then Ψ|E =1l,
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which is impossible.
(b) ∆ has an almost simple factor Ψ of dimension 15 , and Ψ is locally isomorphic to one
of the groups SU4C, SL2H, SL4R, or Ψ maps onto a group PSU4(C, r) , r=1, 2 . Then
there is a second almost simple factor Γ of dimension 10 . This situation can be treated in
a similar way as case (a), but a few more arguments are needed.
(i) ∆ is not transitive on W . In fact, transitivity implies W ≈ S8 by 2.6, a maximal
compact subgroup Φ of ∆|W is also transitive ([19] 96,19), and Φ∼=SO9R would be too
big (cf. [19] 96.23).
(ii) There are points v∈W and p∈K := av \{a, v} such that dim v∆< 8 and Ψp 6=1l.
The first claim follows from (i), and dimΨv ≥ 8 . If Ψv acts freely on K , then Ψv is
transitive on K by [19] 96.11, lines are homeomorphic to S8 by 2.6, and Ψv ≈K ≃ S7 (see
[19] 52.5). A maximal compact subgroup Φ of Ψv is at most 7-dimensional and has the
homotopy of S7 , but πνS7=0 for ν < 7 and πνΦ 6=0 for ν =1 or 3 , see [19].
(iii) One of D=FΨp or E =FΓp is a connected proper subplane. Note that p
Γ⊆D . If
vΓ 6= v , then D contains a quadrangle and a connected orbit of Γ; thus D<P . If vΓ= v ,
however, then vΨ 6= v , and Γ fixes each point of the connected orbit vΨ⊆W ; moreover,
dim Γp> 1 , and E <P .
(iv ) If vΓ 6= v , then dim Γ|D =10 , D<•P , and dim Γp≥ 2 . We have E
Ψ= E . Either E <P
or vΨ= v . In the latter case, Ψp|D =1l, dimΨp=7 by stiffness, and Ψ is transitive
on K . Hence Γp≤∆[av] , and Γp ⊳ Γ would be a proper normal subgroup. Consequently
dimΨ|E =15 , and E<•P .
(v ) If vΓ= v , then vΨ 6= v , E <P , dimΨ|E =15 , and E<•P . From [15] 3.3 and dimΨ> 10
it follows that E is the classical quaternion plane. In particular, Ψ∼=SL2H. Moreover Z|E
is a Lie group and there is some ζ ∈Z such that E =Fζ is ∆-invariant and dim∆|E =25 .
This is impossible.
(vi) Corollary. Both D and E are Baer subplanes.
Again E is classical by 2.11. As in the previous step, E∆= E and dim∆|E =25 , a final
contradiction.
(c) ∆ has an almost simple factor Ψ of dimension 14 . In this case, Ψ is a Lie group, there
are two other factors B and A of dimension 8 and 3 , respectively, and B is a a Lie group
or maps onto PSU3(C, 1) .
(i) If Ψ∼=G2 is compact or, more generally, whenever Ψ has a subgroup Φ∼=SO3R, then
any two conjugate commuting involutions ι, κ∈Φ are planar (use [19] 55.35), and Fι is
a Baer subplane. (For involutions in G2 see [19] 31-35 or [17] 2.5.) Choose a point x in
Fι, a 6=x /∈W , and put v= ax ∩W and Γ=BA. Either Fι,κ is a 4-dimensional subplane
or κ induces on Fι a reflection with center v , say. In the first case, Z|Fι,κ is a Lie group
by [19] 71.2, and there is some ζ ∈Z such that Fζ is a connected proper subplane, but
then ∆|Fζ is too big. In the second case, v
Γ= v , V = vΨ 6= v , and Γ|V =1l. It follows
that dim Γx≥ 3 and that E =FΓx = E
Ψ is a connected proper subplane. The simple group
Ψ acts effectively on E . Consequently ι|E is planar and dim(E ∩Fι) = 4 . Again this is
impossible, cf. also [19] 84.8.
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(ii) Similar arguments apply if B has a subgroup Φ∼=SO3R, in particular, if B is com-
pact. Again involutions ι, κ∈Φ are planar and Fι,κ is a triangle. The factor Ψ fixes all
points of some B-orbit V = vB⊆W , and dimΨx≥ 6 . The center Z acts effectively on
D=FΨx , and D<• P . Now stiffness 2.5(bˆ) shows dimΨx≤ 3 because Ψ is Lie group, a
contradiction. Therefore B has no subgroup SO3R.
(iii) Therefore Ψ is isomorphic to the twofold coverring G˜ of G2(2) ; a maximal compact
subgroup Φ of Ψ is isomorphic to Spin4R. The center of Ψ is generated by a reflection
ω with axis W . There are two other central involutions ι, κ in Φ, these may be planar or
they are reflections with centers u, v∈W . In the first case the argumentation is the same
as in step (i). If ι∈∆[u,av] , then v
Γ= v 6= vΨ=V and Γ|V =1l. For the same reasons as in
step (b)(ii) the group B does not act freely on K = av \{a, v} and Bx 6=1l for a suitable
x∈K . It follows that E =FBx = E
ΨA is a proper connected sub plane. Because ω is a
reflection of P , the group Ψ acts effectively on E . The arguments can now be repeated for
Ψ|E . Hence ι and κ induce reflections on E , and Γ fixes all points of V ⊆W . Moreover,
[19] 96.13, applied to Φ|V , shows that dimV ≥ 3 , so that E<•P . If dim(ΨA)|E =17 , the
classification as summarized in [19] 84.28 or [16] 1.10 would imply that E is a translation
plane. Therefore A|E =1l and E =FA is ΨB-invariant. By stiffness dim(ΨB)|E =22 is too
big. Thus case (c) is impossible.
(d) An almost simple factor Ψ ⊳∆ of maximal dimension satisfies dimΨ=10 ; all other
factors have dimension 3 or 6 . Write ∆ as an almost direct product BA with dimA=3 ,
and choose v∈W such that vZ 6= v . Let a, v 6= x∈ av . Then dimBx> 6 (by 2.6), and
E =FBx = E
A is a proper subplane. If dim E is 2 or 4 , then Z|E is a Lie group, and there
is some ζ ∈Z such that E ≤F =Fζ =F
∆<•P . By stiffness dim∆|F =19 , F is the classical
quaternion plane (cf. [19] 84.28 or [16] 1.10), and then ∆|F ∼=SL2H·H
× is not semi-simple.
Therefore dim E ∈ {0, 8} . If E is not connected, then A|E =1l and D=FA=D
B=D∆ . By
stiffness, the semi-simple kernel of ∆|D has dimension at most 6 and contains A. Hence
dim∆|D≥ 19 , but again this is impossible. Thus E = E
Z<•P , and Z acts effectively on E
(or else E =Fζ for some ζ ∈Z, E
∆= E , dim∆|E =19 , a contradiction.) Now Bx ∩Z=1l,
Bx is a Lie group, and dimBx≤ 3 by stiffness, in contrast to what has been stated above.
(e) ∆ has exactly two factors of dimension 8 ; all other factors have dimension 3 or 6 .
This is the last possibility, it can be treated exactly in the same way as (d).
Remark. The cases (a) and (c) can also be exclude as in step (d). 
6.3 Proposition. Suppose that ∆ is semi-simple and that dim∆≥ 25. If the center Z
of ∆ acts trivially on W , then ∆ is a Lie group.
Proof. Again we may assume that dim∆=25 . Suppose that Z is not a Lie group. There
are the same possibilities as in 6.2.
(a) ∆ has an almost simple factor Ψ of dimension 16 . Then Ψ is locally isomorphic to
SL3C and Ψ is a Lie group. Denote the product of the other factors of ∆ by Γ. The
factor Ψ has a subgroup Φ∼=SO3R. As before, the involutions in Φ are necessarily planer.
Let ι, κ be two commuting involutions in Φ. If κ induces a planar involution on Fι , then
Z acts freely on the 4-dimensional plane Fι,κ , and Z would be a Lie group. Therefore
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κ|Fι is a reflection, and κ fixes points u, v∈W ∩Fι . Choose x∈Fι not incident with the
three fixed lines. Then dim xΓ< 8 because of 2.6, and dim Γx≥ 2 . The group Γx fixes a
quadrangle and E =FΓx = E
Ψ is a proper subplane. We have dimΨ|E =16 and E<•P .
Hence E is the classical quaternion plane by 2.11 . But then SL3C does not act on E and
the group Z would be a Lie group.
Remark. The proof of (a) shows that a factor Ψ of dimension > 10 does not have a sub-
group SO3C.
(b) ∆ is an almost direct product ΨΓ of two factors of dimension 15 and 10 , respectively.
As in 6.2(b)(i,ii), ∆ is not transitive on W , and there is a point x on a line av such that
Ψx 6=1l.
If V = vΓ 6= v , then D=FΨx=D
Γ is a connected proper subplane, Z acts freely on D ,
and D<•P . Because of 2.6 it follows that dim xΓ< 8 and dim Γx≥ 3 . As Γ acts almost
effectively on V and Γ has a compact subgroup of dimension at least 4 , Mann’s theo-
rem [19] 96.13 shows that dim V ≥ 3 . Suppose that vΨ= v . Then Ψx|V =1l, dim x
Ψ< 8
by 2.6, and dimΨx≥ 8 , but FΨx<•P , and dimΨx≤ 7 by stiffness.Therefore v
Ψ 6= v and
E =FΓx= E
Ψ<•P . In fact, E is classical by 2.11. As a group of homologies Z acts freely
on E , and Z would be a Lie group. Consequently vΓ= v whenever dim v∆< 8 . Moreover
dim Γx> 1 and E = E
Ψ<•P . Again E is classical by 2.11, but then Z would be a Lie group,
a contradiction.
(c) ∆ has an almost simple factor Ψ of dimension 14 . In this case, Ψ is a Lie group,
there are two other factors B and A of dimension 8 and 3 , respectively, and B is a a Lie
group or maps onto PSU3(C, 1) . This case is similar to the previous one. Put Υ=ΨA.
Again ∆ is not transitive on W , and dim v∆< 8 for somme v ∈W . Let a, v 6=x∈ av .
Then dimΥx> 1 . If v
B 6= v , then D=FΥx=D
B<•P , and dimBx> 0 because of 2.6. It
follows that vΥ 6= v (or else dimΥx> 8 and Υx|D =1l, which contradicts stiffness). Hence
E =FBx= E
Υ<•P . The kernel of Υ|E has dimension at most 3 , and dimΨ|E =14 . Now E
is classical by 2.11, and Z would be a Lie group. If vB= v , however, then B|v∆ =1l, and
dim xB< 8 (use 2.6). Again dimBx> 0 , and E is the classical quaternion plane by 2.11.
As before, Z is a Lie group in contrast to the assumption.
(d) An almost simple factor Ψ ⊳∆ of maximal dimension satisfies dimΨ=10 ; all other
factors have dimension 3 or 6 . Write ∆ as an almost direct product ΥΓ with dimΥ=16 .
The arguments in 6.2(b)(i,ii) show that ∆ is not transitive on W . Choose v and x as
in step (c). By 2.6 we conclude that dimΥx> 1 . If v
Γ 6= v , then D=FΥx=D
Γ<•P and
Υx|D =1l. Stiffness implies dimΥx≤ 7 and dim x
Υ≥ 9 . As xΓ is contained in D , we have
dim Γx> 0 . Therefore E =FΓx = E
Υ<•P and dim xΥ≤ 8 . This contradiction shows that
vΓ= v and Γ|v∆ =1l. Consequently again E =FΓx = E
Υ<•P . Let Υ|E =Υ/K. Then Λ=K
1
is compact and semi-simple, hence a Lie group, and stiffness 2.5(bˆ) shows dimΛ≤ 3 . As Z
acts effectively on E , the plane E is not classical. We have dimΥ|E ≥ 13 , and 2.11 implies
that Υ/K∼=U2(H, r)·SU2C. The complement of Ψ in Υ can be chosen arbitrarily among
the factors of dimension 3 or 6 . Hence all these factors are compact and 3-dimensional.
Therefore ∆ is a Lie group.
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(e) ∆ has exactly two factors of dimension 8 ; all other factors have dimension 3 or 6 .
The first part of the proof is identical to the previous one, and there is a Baer subplane
E =FΓx = E
Υ . As Υ has two 8-dimensional factors, dimΥ|E =16 , and 2.11 implies that E
is the classical quaternion plane, but then Z is a Lie group contrary to the assumption. 
Combined, Propositions 6.2 and 6.3 yield
6.4 Theorem. If F∆= {a,W}, a/∈W , if ∆ is semi-simple, and if dim∆≥ 25, then ∆
is a Lie group.
7. Fixed double flag
7.1. Let F∆ be a double flag {u, v, uv, ov}. If ∆ is semi-simple and if dim∆≥ 25, then
∆ is a Lie group.
Proof. For dim∆≥ 26 , this has been proved in [17] 8.0. It suffices, therefore, to consider
the case dim∆=25 . The arguments are similar to those in [17]. Let Ψ be an almost
simple factor of ∆ of maximal dimension. Then dimΨ∈ {16, 15, 14, 10, 8} . The product
of the other factors of ∆ will be denoted by Γ, the center of ∆ by Z.
(a) If p /∈ uv ∪ ov , then Zp=1l: suppose that p
ζ= p for some ζ ∈Z\{1l} . Then ζ |p∆ =1l and
D= 〈p∆〉<•P . With ∆|D =∆/K we get ∆:K≤ and dimK≤ 7 , a contradiction.
(b) Each reflection σ∈Ψ is in Ψ[u,ov] , and each non-central involution β ∈Ψ is planar .
In fact, σ∈Ψ[uv] would imply that σ
∆σ∼=Rk is normal in Ψ. If β is a reflection, then
〈β∆〉=Ψ is a compact group of homologies by [19] 61.2, and dimΨ=3 .
(c) Let β be a planar involution in Ψ, and let Υ be a semi-simple subgroup of the central-
izer Cs∆β . Then dimΥ≤ 13 : Write Υ|Fβ =Υ/K and Λ=K
1 . The kernel Λ is compact
and semi-simple, hence a Lie group, and then Λ is contained in Spin3R by stiffness. In
[16] 6.1 it has been shown that Υ:K≤ 10 .
(d) If dimΨ=16 , then Ψ∼= (P)SL3C. The centralizer of the involution β =diag(1,−1,−1)
contains a group SL2C·Γ of dimension 6+9 and is too large.
(e) Each group Ψ of type A3 contains a planar involution β centralizing a 6-dimensional
semi-simple subgroup of Ψ. This is easy in the cases SU4C, SL2H, SL4R and its univer-
sal covering group; it is less obvious for the groups related to SU4(C, r) , r=1, 2 , which
are not necessarily Lie groups. In both cases, a suitable involution β is determined by
diag(−1,−1, 1, 1) ; then CsΨβ contains a group locally isomorphic to SU2C×SL2R or to
(SU2C)
2 , respectively, and Cs∆β is too large.
(f) Each involution of the compact group G2 is centralized by SO4R, see [19] 11.31. The
non-compact groups of type G2 contain either SO4R or Spin4R. In any case, the central-
izer of a non-central involution is too large.
(g) If Ψ is locally isomorphic to a group U2(H, r) of dimension 10 , then β=diag(1,−1)
describes a planar involution centralized by a semi-simple group of dimension 6+15 , which
is too large.
(h) If dimΨ=10 , then Ψ maps onto Sp4R or O
′
5(R, 2) . In the latter case, the diagonal ele-
ment diag(−1l, 1) corresponds to a planar involution β such that CsΨβ⊜O
′
4(R, 1)
∼=SO3C,
again a contradiction.
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(i) Finally, let Ψ/(Z ∩Ψ)∼=Sp4R. Conceivably, Ψ is not a Lie group. Again Ψ cannot con-
tain a planar involution. Hence the unique involution in Ψ is a reflection σ ∈Ψ[u,av] :=H .
As dimH≤ 8 , there is a point p such that G = 〈pΨ〉 is a connected subplane, and G ≤•P,
or else dimΨ|G ≤ 6 . We have Γp|G =1l, and Γp is a compact Lie group by step (a). Stiffness
2.5(bˆ) shows dim Γp≤ 3 and dim p
Γ≥ 12 . Consequently 〈pΓ〉=P and Ψp=1l. It follows
that G =P and Γp=1l. Split Γ into an almost direct product AB with dimA=6 . Then
dim pB> 8 , 〈pB〉=P , and (ΨA)p=1l. Hence p
ΨA is open in P by [19] 53.1), and p∆ is
also open. This implies that ∆ is a Lie group, see 2.6.
(j) The cases dimΨ=8 can be treated similarly. Again there is a point p such that
G = 〈pΨ〉≤•P , Γp|G =1l, dim p
Γ≥ 14 , 〈pΓ〉=P , and Ψp=1l. Let B be the other 8-
dimensional factor of ∆ and denote the product of the remaining factors by Υ. Then
〈pBΨ〉=P , or else an action of BΨ on G would have a kernel of dimension 0 . Now Υp=1l,
〈pΥ〉=P , (BΨ)p=1l, p
∆ is open in P , and ∆ is a Lie group by 2.6. 
8. Fixed triangle
8.1. If F∆= 〈o, u, v〉 is a triangle, if ∆ is semi-simple, and if dim∆≥ 21, then ∆ is a
Lie group.
Proof. For groups of dimension ≥ 22 , the claim is true by [17] 9.2 Corollary. Hence we
may suppose that dim∆=21 . Then ∆ is almost simple or one of the following holds: (i)
∆ has a 15-dimensional factor, (ii) ∆ is a product of 3 factors of dimensions 10, 8, 3 , (iii)
each factor of ∆ has dimension 3 or 6 . Let again Z=Cs∆ be the center of ∆ and suppose
that Z is not a Lie group. Note that Z acts freely on the complement D of ou ∪ ov ∪ uv ;
in fact, pζ= p, 1l 6= ζ∈Z implies D= 〈p∆, o, u, v〉<P . Put ∆|D =∆/K. Then ∆:K≤ 11
(see [19] 83.26), dimK≥ 10 , D is flat by stiffness, ∆|D is trivial, and K is too large.
(a) If ∆ is almost simple, then ∆ is a Lie group, or ∆=∆/Z is isomorphic to O′7(R, 2)
or to PSp6R.
(b) In the first case, ∆ has a subgroup SO5R; it can be lifted to a group  ∼=U2H≤∆,
see [19] 94.27 or 2.9, and note that by 2.4 there is no subgroup SO5R in ∆. The central
involution ι of  is not planar (or else |Fι
∼=SO5R contrary to 2.4). Therefore ι is a
reflection; it is in the kernel of the action of ∆ on one side of the fixed triangle and hence
ι∈Z; but then ι= ι would be trivial.
(c) In the second case, the subgroup SU3C of ∆ can be lifted to an isomorphic copy
Ω<∆, and Ω is contained in a maximal compact subgroup Ξ<∆; moreover dimΞ=7
and Ξ=ΘΩ is connected, Θ is commutative and Θ≤CsΩ ([19] 93.10,11). Let x be
an arbitrary point in D (the complement of the fixed lines). Then Z acts freely on the
subplane D=F∆x , and ∆x is a Lie group because ∆x ∩Z=1l. If ∆ has an 8-dimensional
orbit on two sides of the fixed triangle, then ∆ induces a Lie group on these orbits (see
2.6), and ∆ itself would be a Lie group. Consequently dim x∆≤ 14 and dim∆x≥ 7 . As Z
is not a Lie group, 2.12 implies dimD∈{0, 8} . In the second case, Stiffness 2.5(bˆ) shows
that ∆x∼=Spin3R. Hence dimD=0 for each x∈D . There are 3 pairwise commuting
conjugate involutions in Ω; these are planar because axes of reflections are fixed by ∆.
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An involution ι∈Ω is centralized in Ω by a group Φ∼=SU2C. In the case Φ|Fι 6=1l there
would exist planar involutions on Fι , and Z would be a Lie group. Hence Fι=FΦ . All
involutions κ∈Ω such that ικ= κι generate a subgroup Ψ∼=SU2C. As there are no 4-
dimensional subplanes, κ and its conjugates induce reflections on Fι . Therfore Ψ|Fι is a
group of homologies, say with center o .
On the other hand, there is a product ΓΥ<∆ corresponding to Sp2R×Sp4R in a double
covering of ∆ (use [19] 94.27). Note that Sp2R=SL2R and that Sp4R has a subgroup
SU2C. Suppose that the latter group is mapped onto a group SO3R in Υ. The arguments
above show that Υ contains a circle group of homologies, but this is impossible, since Υ is
almost simple. Therefore Υ contains a central involution. Up to conjugacy, ι∈CsΥ , and
dim(ΘΥ)|Fι ≥ 10 . According to [18] 8.0, it follows that (Cs∆ι)
1|Fι is a Lie group. Recall
that Z acts freely on D . Hence Z is a Lie group, and so is ∆
(i) A 15-dimensional factor Υ is a Lie group or Υ/Z is locally isomorphic to SU4(C, r), r =
1, 2 . The group ∆ is an almost direct product ΥΓ. By stiffness, pΥ 6= p for each p∈D ,
and then 〈pΥ, o, u, v〉=P . Consequently, Γ acts freely on D and 〈pΓ, o, u, v〉≤•P by 2.12.
(d) Suppose in case (i) that r=1 . Then Υ/Z has a subgroup SU3C. As in step (c) there is
a group Ω∼=SU3C in Υ, and all involutions in Ω are planar. Choose some involution ι∈Ω.
Using the arguments and notation of step (c), we obtain the following: SU2C∼=Φ≤CsΩι ,
Fι=FΦ , SU2C∼=Ψ≤CsΩι, and Ψ|Fι is a group of homologies. The center Z acts freely
on D ∩Fι . Hence the kernel of Γ|FΦ is a compact Lie group; by stiffness dim Γ|Fι =6 , and
ΘΨΓ induces a 10-dimensional group on Fι . According to [18] 8.0 the induced group is a
Lie group. Therefore Z and ∆ are Lie groups.
(e) If r=2 , then Υ/Z∼=O′6(R, 2) has a subgroup SO4R. By 2.9 there is a subgroup X<Υ
which is isomorphic to SO4R or to Spin4R. If X contains a reflection, say ι∈∆[o,uv] ,
then ι∈Z (or else 〈ιΥ〉=Υ≤∆[o,uv] , which is impossible). Recall that Γ acts freely on
D . Suppose first that X∼=SO4R. Then all involutions in X are planar. Let β denote the
central involution in X. There is a subgroup Φ∼=SO3R in X. The kernel of X|Fβ is a
compact Lie group; by stiffness it is contained in Spin3R. Therefore Φ acts faithfully on
Fβ , and C=Fα,β<•Fβ for each involution α∈Φ, but C
Γ= C , and orbits of Γ on D ∩ C are
6-dimensional, a contradiction. Consequently X∼=Spin4R=(Spin3R)
2 . Only one of the 3
involutions in X can be contained in the center Z. Let β be a planar involutin in X such
that X/〈β〉∼=SO3R×Spin3R. If ι is any involution in the facor Φ
∼=SO3R, then ι|Fβ =1l
and, as Φ is simple, even Φ|Fβ =1l, but this contradicts stiffness 2.5(bˆ).
(ii) ∆ has 3 almost simple factors Υ,Ψ, Γ of dimensions 10, 8, 3 , respectively. Recall
that a semi-simple group of an 8-dimensional plane with a triangle of fixed elements has
dimension at most 9 ([15] 6.1 = (†) ). By stiffness it follows that 〈p∆, o, u, v〉=P . If
pΥ= p, then 〈pΨΓ〉=P , Υp=1l, and p
Υ 6= p. By (†) we have 〈pΥ〉=P . If D= 〈pΨΓ〉<•P ,
then (†) implies Γ|D =1l, and Γ is a compact Lie group. Stiffness shows Γ∼=Spin3R. The
involution ι∈ Γ is planar, and F∆ι =Fι , a contradiction. Therefore 〈p
ΨΓ〉=P , and hence
Υp=Ψp=1l. The different possibilities will be treated separately.
(f) If Υ is the compact group U2H, then each non-central involution ι in Υ is planar,
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since 〈ιΥ〉=Υ is not axial. But then ι∈Υp for each fixed point p of ι. This contradicts
the statements at the end of (ii). Analogous arguments show that Ψ is not compact.
(g) If Υ is locally isomorphic to U2(H, 1) , then Υ is simply connected, because O
′
5(R, 1)
has a subgroup Φ∼=SO3R and FΦ is flat. Therefore Υ has a maximal compact subgroup
X∼=Spin4R. Again a non-central involution β is planar, which contradicts (ii).
(h) Only the possibility Υ/Z∼= (P)Sp4R remains. Again ∆ has no subgroup SO3R. Either
Ψ/Z is locally isomorphic to SU3(C, 1) or Ψ is a double covering Π of SL3R. A subgroup
SU2C of the unitary group can be lifted to an isomorphic copy Φ<Ψ; the involution ι∈Φ
is not central and hence it is planar, which contradicts (ii). Thus Ψ∼=Π . Both factors
Υ and Ψ have a subgroup Spin3R. The central involutions of these subgroups are reflec-
tions (because Υp=Ψp =1l), and these are distinct, or else there would exist a subgroup
Ω∼=SO3R. A maximal compact subgroup of ΥΨ is at most 7-dimensional. It contains a
subgroup X∼=Spin4R without any planar involution.
(i) G= 〈pΓ, o, u, v〉<•P for any p∈D : if pΓ= p, then p∆⊆FΓ<P and dim∆p≥ 13 . Stiff-
ness would imply ∆1p
∼=G2 , which is not true. Hence Γ acts almost effectively on G and
G ≤•P . Equality is impossible, since dim(ΥΨ)p> 1 . Denote the connected component of
(ΥΨ)p by Λ. By 2.6 we may assume that dimΛ≥ 3 . Note that Λ|G =1l. Hence Λ is
compact. It follows that dim(Λ ∩X)≥ 2 . Obviously, each involution in Λ ∩X is planar.
This contradicts the last statement in step (h).
(iii) Each 6-dimensional factor of ∆ is locally and then even globally isomorpic to SL2C.
There is at least one factor Γ such that dim Γ=3 . We may assume that Γ is not a Lie
group. Then a maximal compact subgroup Θ of Γ is a 1-dimensional connected subgroup.
Let Ξ denote the product of the other factors of ∆ and apply [17] 9.2 (B) to the group
H=ΞΘ. As Θ is normal in H , we obtain dimH< 18 and dim∆≤ 19 . 
Summary
If Θ denotes a compact connected 1-dimensional subgroup and if dim∆≥ k , the number
in the table, then ∆ is a Lie group. Bold face entries improve corresponding results in
[17].
F∆ ∆ s-s Θ ⊳∆ R
t ⊳∆ ∆ arbitr. References
∅ 20 22 3.1, 3.2
{W} 11 22 4.2, 4.0
flag 11 22 5.2, [17] 5.0
{o,W} 25 1) 27 6.4), [10]
〈u, v〉 11 18 5.2, [17] 6.0
〈u, v, w〉 11 15 5.2, [17] 7.0
〈u, v, ov〉 25 20 2) 27 7.1, [10]
〈o, u, v〉 21 18 22 22 8.1, [17] 9.2
arbitrary 25 27 [10]
1) Fζ <P⇒ dim∆≤ 19 (6.1)
2) or Cs∆|av =1l (8.3 Remark)
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(Proof of [17] 9.2(B). All orbits on two sides of the fixed triangle have dimension < 8 ,
and dim pH≤ 14 for each point p /∈ au ∪ av ∪uv . Put Λ=(Hp)
1 . By the approximation
theorem [19] 93.8, there is a compact 0-dimensional central subgroup N ⊳H such that
H/N is a Lie group. Note that Θ is in the center of H . If pΘ= p, then FΘ=F
H
Θ
<P
and H :Hp=dim p
H≤ dimFΘ=d with d∈{0, 2, 4, 8} . Either d≤2 , Θ ⊳Λ=(Hp)
1 6∼=G2 ,
dimΛ≤ 11 , and dimH≤ 13 , or d≥ 4 , dimΛ≤ 8 , and dimH≤ 16 . If pΘ 6= p, then Θ acts
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FK=F
H
K
<P , pH⊆FK , H :Hp≤ 8 , Hp|E =1l, dimHp≤ 8 , and dimH≤ 16 . In the second
case, we have Np|〈pH〉=1l. Therefore H :Hp= dim p
H≤ 8 or Hp ∩N=1l and Hp is a Lie
group. Stiffness implies dimHp≤ 7 or dimHp≤ 3 , respectively, and dimH≤ 17 .)
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